In 1972, Alniaçik proved that every strong Liouville number is mapped into the set of U m -numbers, for any non-constant rational function with coefficients belonging to an m-degree number field. In this paper, we generalize this result by providing a larger class of Liouville numbers (which, in particular, contains the strong Liouville numbers) with this same property (this set is sharp is a certain sense).
Introduction
The beginning of the transcendental number theory happened in 1844, when Liouville [11] showed that algebraic numbers are not "well-approximated" by rationals. More precisely, if α is an n-degree real algebraic number (with n > 1), then there exists a positive constant C, depending only on α, such that |α − p/q| > Cq −n , for all rational number p/q. By using this result, Liouville was able to explicit, for the first time, examples of transcendental numbers (the now called Liouville numbers).
A real number ξ is called a Liouville number if there exist infinitely many rational numbers (p n /q n ) n , with q n > 1, such that 0 < ξ − p n q n < 1 q ωn n , for some sequence of real numbers (ω n ) n which tends to ∞ as n → ∞. The set of the Liouville numbers is denoted by L.
The first example of a Liouville number (and consequently, of a transcendental number) is the so-called Liouville constant defined by the convergent series ℓ = n≥1 10 −n! (i.e., the decimal with 1's in each factorial position and 0's otherwise). In 1962, Erdös [6] proved that every real number can be written as the sum of two Liouville numbers (indeed, besides being a completely topological property of G δ -dense sets, Erdös was able to provide an explicit proof based only on the definition of Liouville numbers).
Let ξ be a real irrational number and (p k /q k ) k be the sequence of the convergents of its continued fraction. It is well-known that the definition of Liouville numbers is equivalent to: for every positive integer n, there exist infinitely many positive integers k such that q k+1 > q n k . Thus, we have the following subclass of Liouville numbers. Definition 1. Let ξ be a real irrational number and (p k /q k ) k be the sequence of the convergents of its continued fraction. The number ξ is said to be a strong Liouville number if, for every n, there exists N (depending on n) such that q k+1 > q n k for all k > N. For convenience, we shall denote by L strong the set of all strong Liouville numbers.
Observe that the previous definition is equivalent to say that ξ ∈ L strong if for the sequence (ω k ) k defined by
Erdös also raised the problem whether every real number can be written as the sum of two strong Liouville numbers. This question was answered by Petruska [14] , who proved that the sum of two strong Liouville numbers is either a rational or a Liouville number. In the same paper, he also showed that for any integer a ≥ 2 and any sequence of positive integers (v n ) n such that v n+1 ≥ 2v n + 2, the number
is not a strong Liouville number. In particular, the Liouville constant is not a strong Liouville number (take a = 10 and v n = n!).
A related open problem is to describe the additive and multiplicative group generated by the strong Liouville numbers. For instance, ξ 2 is never a strong Liouville number if ξ ∈ L strong .
In 1932, Mahler [12] split the set of transcendental numbers into three disjoint sets: S-, T -and U-numbers (according to their approximation by algebraic numbers). In particular, U-numbers generalize the concept of Liouville numbers.
Let ω * n (ξ) be the supremum of the positive real numbers ω * for which there exist infinitely many real n-degree algebraic numbers α satisfying
where H(α) (so-called the height of α) is the maximum of the absolute values of the coefficients of the minimal polynomial of α (over Z). If ω * m (ξ) = ∞ and ω * n (ξ) < ∞, for all 1 ≤ n < m, the number ξ is said to be a U * m -number. Actually, this is the definition of Koksma's U * m -numbers (see [9] ). However, it is well known that the sets of U m -and U * m -numbers are the same [4] (let us denote the set of U m -numbers by U m ). We still remark that the set of Liouville numbers is precisely the set of U 1 -numbers.
The existence of U m -numbers, for all m ≥ 1, was proved by LeVeque [10] . In fact, he proved that m (3 + ℓ)/4 is a U m -number, for all m ≥ 1. In 2014, Chaves and Marques [5] explicit U m -numbers in a more natural way: as the product of certain m-degree algebraic numbers by the Liouville constant ℓ (for example, m 2/3 · ℓ is a U m -number, for all m ≥ 1). In 1972, Alniaçik [1] proved that a much more general fact holds for strong Liouville numbers. Indeed, if ξ is a strong Liouville number, then F (ξ) is a U m -number, for all rational function F (x) with coefficients in an m-degree number field.
In this paper, we generalize this Alniaçik's result to a larger class of Liouville numbers which, in particular, contains all strong Liouville numbers. More precisely Theorem 1. Let (ω n ) n be a sequence of positive real numbers which tends to ∞ as n → ∞. Let ξ be a real number such that there exists an infinite sequence of rational numbers (p n /q n ) n , satisfying
where H(p n+1 /q n+1 ) ≤ H(p n /q n ) O(ωn) , for all n ≥ 1. Then, for any irre-
From now on, the set of the Liouville numbers satisfying the conditions of the theorem will be denoted by L. Note also that the previous theorem implies that the set L is not G δ -dense (in R) and so it is a small set in the Hausdorff sense (in fact, on the contrary, i.e., if L is a G δ -dense set, then every real number can be written as sum of two elements of L. However, for instance, if
. From the definition, we can deduce that L strong ⊆ L and that L\L strong is an uncountable set. Indeed, the second assertion follows from the fact that all numbers in the form (1) with v n+1 /v n → ∞ as n → ∞ belongs to L\L strong (the details of this fact will be provided in the proof of the first corollary). For the first assertion, if ξ is a strong Liouville number, and
which implies that ξ ∈ L as desired.
Remark 1. We observe that Theorem 1 is sharp is a certain sense (see the last section). In fact, the conclusion of the theorem is not valid if we instead consider Liouville numbers as in that statement, but with the weaker condition
for any previously fixed ǫ > 0. Now, we shall list some immediate consequences of Theorem 1.
for any non-constant rational function F (x) with coefficients in an m-degree number field.
The next result is related to a discussion of the second author with Bugeaud in a personal communication.
Corollary 2. We have that (i) There exist infinitely many U m -numbers ξ such that for any positive divisor d of m, there is a positive integer k such that ξ k is a U d -number.
(ii) There exist infinitely many U m -numbers ξ such that ξ k is a U m -number, for all k ≥ 1.
is an infinite set, for any positive integer s (in particular, ψ is a surjective function). Indeed, for any s ≥ 1, the series
Here, as usual, π 1 (x, y) = x is a projection function.
Let us describe in a few words the main idea of the proof of Theorem 1. First, we shall use some results on heights to show the well-approximation of F (ξ) by m-degree algebraic numbers (which are, in fact, the image of the rational approximants of ξ by F ). This implies that F (ξ) is a U-number of type at most m. To show that its type is exactly m, we shall use some asymptotic estimates together with a "Liouville-type" inequality due to Bombieri (related to the distance between distinct algebraic numbers) to deduce that |F (ξ) − γ| > H(γ) ν for all (but finitely many) n-degree algebraic numbers (for any 1 ≤ n < m). In conclusion, F (ξ) must be a U m -number.
Auxiliary results
In this section, we shall present some facts which will be essential ingredients in the proof of our theorem. The first one is due toÍçen [7] which provides an inequality relating the height of algebraic numbers. Lemma 1. Let α 1 , . . . , α k be algebraic numbers belonging to a g-degree number field K, and let F (y, x 1 , . . . , x k ) be a polynomial with integer coefficients and with degree d > 1 in the variable y. If η is an algebraic number such that F (η, α 1 , . . . , α k ) = 0, then the degree of η is at most dg, and
where H is the maximum of the absolute values of the coefficients of F (the height of F ), l i is the degree of F in the variable x i , for i = 1, . . . , k.
The next lemma is a Liouville-type inequality due to Bombieri [3] .
Lemma 2. Let α 1 , α 2 be distinct algebraic numbers of degrees n 1 and n 2 , respectively. Then
Also, we shall use the relations below (which can be proved by using some inequalities in [17, Section 3.4 ]. See also [13] ). Lemma 3. For α 1 , . . . , α n belonging to some d-degree number field, the following inequalities hold
The next lemma is a result due to Alniaçik [1] and will be useful to precise the exact degree of the algebraic approximants. Lemma 4. Let F (x) be an irreducible rational function with coefficients in an m-degree number field K. Then F (α) is a primitive element of the field extension K/Q, for all rational number α, with finitely many exceptions. In particular, F (α) is an m-degree algebraic number, for all sufficiently large rational number α. Now, we are ready to deal with the proof of our result.
The proofs

The proof of Theorem 1
In what follows, the implied constants in ≪ and ≫ depend only on m, k, l and the coefficients of the rational function F (x). In particular, we shall write k ≫ 1 in order to avoid the unnecessary repetition of "for all sufficiently large k". Also, c 1 , c 2 , . . . will denote real constants > 1.
We start by taking
Let C > 1 be a real number such that H(α k+1 ) ≤ H(α k ) Cω k for k ≫ 1. Now, we can apply the Mean Value Theorem for F (x) and the points ξ and α k (when both numbers belong to some very small interval which does not contain any pole or zero of F (x) and F ′ (x)) to obtain
Now, we combine (2) and (5) to get
On the other hand, we have that (by Lemma 3)
Again from Lemma 3, we can rewrite the last inequality as
and so,
From (6) and (8), we have
Due to Lemma 4, we have that F (α k ) is an m-degree algebraic number for k ≫ 1. By using that lim sup k→∞ H(γ k ) = ∞ (since we have infinitely many α k 's), we deduce that
for k ≫ 1. This yields ω * m (F (ξ)) = ∞ and so F (ξ) is a U-number of type ≤ m.
In order to prove that the type of F (ξ) (as a U-number) is exactly m, we shall show that F (ξ) is not well-approximated by n-degree algebraic numbers, for n < m. In fact, let γ be an algebraic number of degree n (< m). Then, from Lemma 2, we have
Also, for some k ≫ 1, it holds that
Now, by combining the inequality in (7) with the fact that
Let us rewrite γ k = P (α k )/Q(α k ) = l j=0 a j α j k / r j=0 b j α j k as
So, G(α k , γ k , b 0 , . . . , b r , a 0 , . . . , a l ) = 0, where G(y, x 1 , . . . , x r+l+3 ) is defined by
x r+j+2 y j−1 .
Then, by (13) and Lemma 1, we arrive at
and so H(α k ) 2Cm 2 ω k ≤ c ω k 2 · H(γ k ) 2Cm 3 ω k . Thus, by combining the last inequality together with (11), we obtain
By a straightforward manipulation, we get
and this allows us to rewrite (10) as
By taking H(γ) ≫ 1 (and so H(α k ) ≫ 1) such that
then (15) and (16) give
On the other hand, we have
In conclusion, ω * n (ξ) < m + 16Cnm 6 < ∞, for all n < m, which implies that F (ξ) is a U m -number. This completes the proof.
The proof of the corollaries 3.2.1. Proof of the Corollary 1
In order to prove this result, it suffices to see that if ξ is a Liouville number of the form (1), where v k+1 /v k tends to infinity as k → ∞, then for q k = a v k , we have
and so the result follows from Theorem 1.
Proof of the Corollary 2
To prove this corollary, we first observe that if ℓ is the Liouville constant, then ℓ k satisfies the hypotheses of Theorem 1, for all k ≥ 1.
(i). Then, by our main result, we have that m √ p·ℓ is a U m -number, for every an m-degree algebraic number, together with our main theorem.
Proof of the Corollary 3
First, note that the function ψ is well defined. In fact, since any F (x) ∈ Q(X) can be considered with coefficients belonging to an r-degree number field K. Then, if ξ is a U m -number with m-degree algebraic approximants α k , then, by the same arguments as in the proof of Theorem 1, we conclude that almost all F (α k ) (unless α k is a pole of F ) will be approximants of F (ξ). Since F (α k ) is an algebraic number with degree at most rm, then infinitely many of them will have the same degree, say d (≤ rm). Thus, F (ξ) is a U-number of type at most d and so ψ is well defined. Now, for a positive integer s, take ξ = m √ 2 · ℓ and F (x) = s √ 2 · x m . Clearly, by our main theorem, we have that ξ ∈ U m and F (ξ) ∈ U s . Moreover, for any prime number p, the pair ( m √ p · ℓ, s √ 2 · x m ) ∈ ψ −1 (s) and so
Final remarks
For m > 1, the set of U m -numbers is not a G δ -dense subset of R, and thus it is not possible to use Erdös' non-constructive proof to ensure the decomposition of real numbers as sum of two U m -numbers (see [8] for results on the Borel hierarchy of the S, T and U-numbers). In 1990, Alniaçik [2] proved that every real number (except possibly Liouville numbers) can be written as sum of two U 2 -numbers. His approach depends on the theory of continued fractions. Shortly thereafter, Pollington [15] adapted a method used by Schmidt (to ensure the existence of T -numbers, see [16] ) and showed that for any natural number n, every real number may be decomposed as the sum of two U n -numbers. Pollington's proof is not too easy to follow (since it depends on an inductive construction of intervals and also on some probability facts). Now, we shall provide another (possible) recipe to prove this. In fact, the Erdös' constructive proof can be rephrased as R = L 1 + L 1 , where L ǫ is the set of all real numbers ξ such that there exists a sequence (ω n ) n of positive numbers (tending to ∞ as n → ∞) and an infinite sequence of rational numbers (p n /q n ) n , satisfying
where H(p n+1 /q n+1 ) ≤ H(p n /q n ) O((ωn) 1+ǫ ) , for all n ≥ 1. Note that L = L 0 . So, in order to give an "easier" (more direct) proof that R = U m + U m , it would be enough to prove the following "conjecture":
Meta-Conjecture. For any m > 1, there exists an m-degree algebraic number α such that α · L 1 ⊆ U m .
In fact, R = U m + U m would follow directly from the fact that for any real number x and for such α (as in the "conjecture"), we have that x/α = ℓ 1 +ℓ 2 , where ℓ i ∈ L 1 (i = 1, 2). Thus, x = αℓ 1 + αℓ 2 ∈ U m + U m as desired.
Unfortunately, this "meta-conjecture" is false. In fact, Erdös' proof yields that any, nonzero, m-degree algebraic number (m > 1) α can be written in the form ℓ 1 · ℓ 2 , where ℓ i ∈ L 1 (i = 1, 2). Since L 1 is closed by inversion (x → 1/x), we have that αℓ 3 does not belong to U m (since αℓ 3 = ℓ 2 ∈ L 1 , for ℓ 3 = 1/ℓ 2 ).
Thus, Theorem 1 is sharp in the sense in which is not possible to weaken the condition q k+1 ≤ q O(ω k ) k in order to obtain the same conclusion of that theorem. This is an immediate consequence of the previous discussion together with the fact that R = L ǫ + L ǫ , for all ǫ > 0 (it is straightforward to mimic Erdös' construction proof to deduce this).
All these suggest the following question:
Question. Under what conditions on the convergents (approximants) of a Liouville number, it would be possible to construct a non-G δ -dense set L such that L ⊆ L ⊆ L and F (L) ⊆ U m , for all non-constant rational function F (x) with coefficients in a m-degree number field?
